
1. (iii) We have

2f ′′ + f ′ + λf = 0 ⇔ ex/2f ′′ + 1
2 ex/2f ′ + 1

2 ex/2λf = 0

⇔ (ex/2f ′)′ + 1
2 λex/2f = 0,

this is a singular S-L problem with

p(x) = ex/2, q(x) ≡ 0, σ(x) = 1
2 ex/2,

a = 0, b = ∞, κ1 = 1, κ2 = 0.

(iv) Here

x2f ′′ + xf ′ + λ(2− x)f = 0 ⇔ xf ′′ + f ′ + λ
2− x

x
f = 0

⇔ (xf ′)′ + λ
2− x

x
f = 0 (since x 6= 0),

so this is a singular S-L problem with

p(x) = x, q(x) ≡ 0, σ(x) =
2− x

x
,

a = 0, b = 1, κ3 = 1, κ4 = −1.

6. Using the standard procedure, we have

u(x) ∼ a0 +
∞∑

n=1

[
an cos(nx) + bn sin(nx)

]
,

π∫

−π

(2x + 3) dx = a0

π∫

−π

dx = 2πa0,

⇒ a0 =
1
2π

π∫

−π

(2x + 3) dx =
1
2π

[
x2 + 3x

]π

−π
= 3,

π∫

−π

(2x + 3) cos(mx) dx = am

π∫

−π

cos2(mx) dx

= am

π∫

−π

1
2

[
1 + cos(2mx)

]
dx = πam
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⇒ am =
1
π

π∫

−π

(2x + 3) cos(mx) dx

=
1
π

{[
(2x + 3)

1
m

sin(mx)
]π

−π

−
π∫

−π

2
m

sin(mx) dx

}

=
1
π
· 2
m2

[
cos(mx)

]π

−π
= 0,

π∫

−π

(2x + 3) sin(mx) dx = bm

π∫

−π

sin2(mx) dx

= bm

π∫

−π

1
2

[
1− cos(2mx)

]
dx = πbm

⇒ bm =
1
π

π∫

−π

(2x + 3) sin(mx) dx

=
1
π

{[
(2x + 3)

(
− 1

m

)
cos(mx)

]π

−π

+

π∫

−π

2
m

cos(mx) dx

}

=
1
π

{
− 4π

m
cos(mπ) +

2
m2

[
sin(mx)

]π

−π

}
= (−1)m+1 4

m

⇒ u(x) ∼ 3 +
∞∑

n=1

(−1)n+1 4
n

sin(nx).

7. For m, n = 1, 2, . . . , m 6= n,

b∫

a

fmfn dx =

π∫

0

sin
(2m− 1)x

2
sin

(2n− 1)x
2

dx

=
1
2

π∫

0

[
cos

(
(m− n)x

)− cos
(
(m + n− 1)x

)]
dx

=
1
2

[
1

m− n
sin

(
(m− n)x

)− 1
m + n− 1

sin
(
(m + n− 1)x

)]π

0

= 0.
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(i) We have

u(x) ∼
∞∑

n=1

cn sin
(2n− 1)x

2

⇒
π∫

0

sin
(2m− 1)x

2
dx = cm

π∫

0

sin2 (2m− 1)x
2

dx

= cm

π∫

0

1
2

[
1− cos

(
(2m− 1)x

)]
dx = 1

2 πcm

⇒ cm =
2
π

π∫

0

sin
(2m− 1)x

2
dx

= − 4
(2m− 1)π

[
cos

(2m− 1)x
2

]π

0

=
4

(2m− 1)π
, m = 1, 2, . . .

⇒ u(x) ∼
∞∑

n=1

4
(2n− 1)π

sin
(2n− 1)x

2
.

(ii) As in (i), for m = 1, 2, . . .

cm =
2
π

π∫

0

(2x− 1) sin
(2m− 1)x

2
dx

=
2
π

{[
(2x− 1)

(
− 2

2m− 1

)
cos

(2m− 1)x
2

]π

0

+

π∫

0

4
2m− 1

cos
(2m− 1)x

2
dx

}

=
2
π

{
− 2

2m− 1
+

8
(2m− 1)2

[
sin

(2m− 1)x
2

]π

0

}

=
2
π

[
− 2

2m− 1
+

8
(2m− 1)2

sin
(2m− 1)π

2

]

= − 4
(2m− 1)π

+ (−1)m+1 16
(2m− 1)2π

, m = 1, 2, . . .



⇒ u(x) ∼
∞∑

n=1

[
− 4

(2n− 1)π
+ (−1)n+1 16

(2n− 1)2π

]
sin

(2n− 1)x
2

.

8. As above, for m, n = 1, 2, . . . , m 6= n,

b∫

a

fmfn dx =

1∫

0

cos
(2m− 1)πx

2
sin

(2n− 1)πx

2
dx

=
1
2

1∫

0

[
cos

(
(m + n− 1)πx

)
+ cos

(
(m− n)πx

)]
dx

=
1
2

[
1

m + n− 1
sin

(
(m + n− 1)πx

)
+

1
m− n

sin
(
(m− n)πx

)]1

0

= 0.

(i) Here

u(x) ∼
∞∑

n=1

cn cos
(2n− 1)πx

2

⇒
1∫

0

cos
(2m− 1)πx

2
dx = cm

1∫

0

cos2
(2m− 1)πx

2
dx

= cm

1∫

0

1
2

[
1 + cos

(
(2m− 1)πx

)]
dx = 1

2 cm

⇒ cm = 2

π∫

0

cos
(2m− 1)πx

2
dx

=
4

(2m− 1)π

[
sin

(2m− 1)πx

2

]1

0

= (−1)m+1 4
(2m− 1)π

, m = 1, 2, . . .

⇒ u(x) ∼
∞∑

n=1

(−1)n+1 4
(2n− 1)π

cos
(2n− 1)πx

2
.
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(ii) As in (i),

cm = 2

1∫

0

(2x− 1) cos
(2m− 1)πx

2
dx

= 2
{[

(2x− 1)
2

(2m− 1)π
sin

(2m− 1)πx

2

]1

0

−
1∫

0

4
(2m− 1)π

sin
(2m− 1)πx

2
dx

}

= 2
{

2
(2m− 1)π

sin
(2m− 1)π

2
+

8
(2m− 1)2π2

[
cos

(2m− 1)πx

2

]1

0

}

= (−1)m+1 4
(2m− 1)π

− 16
(2m− 1)2π2

, m = 1, 2, . . .

⇒ u(x) ∼
∞∑

n=1

[
(−1)n+1 4

(2n− 1)π
− 16

(2n− 1)2π2

]
cos

(2n− 1)πx

2
.


