Chapter 3

1. (i) This is a regular S-L problem with

a=0, b=1, kK1 =1, kKy=2, k3=0, kKg4=1.
(ii) Since
f//_f/+)\f:0 RN efmf//_efwf/_F)\efwf:O
& (7)) + AT =0,
this is a regular S-L problem with

2. (i) Form,n=1,2,..., m #n,

T

b
/fmfn dx = /sin(mx) sin(nz) dx

o

us

= %[ml—n sin ((m — n)z) — m}i-n sin((m—f—n)x)};r =0.

(ii) Form,n=1,2,..., m # n,

U
s

b
/fofn dr = /cos(nx) dr = % [sin(nx)]o =0,
a 0

T

/b Fonfo d = / cos(m) cos(nz) da

0



= %/ [cos ((m + n)x) + cos ((m — n)z)] dz
= %[min sin ((m +n)z) + —— sin ((m—n)x)}g = 0.

(iii) As in (i) and (ii), for m, n =1,2,..., m # n,

/f0f1 dr = /cos n) 1 [Sjn(m,;)]:T -0,

n

/fofz dax = /s in(nz) _ ! [cos(nz)]” =0,

n

/f1mf1 dr = /c s(mx) cos(nz) dx

1 1 ) (( n ))+
=z s
3|\ in ((m+n)x —

b ™
/fgmfgn dx = / sin(ma) sin(nx) dx

1
m-+n

— 3| s (=) -

— sin((m—i—n)x)}ﬂ =0,

/flmfz dex = /cos ma) sin(nz) dx

/ [sin ((n +m)z) + sin ((n — m)z)] dx

1
2
1 1
2

cos ((n+ m)z) —

cos ((n —m)z) =0;

n—+m n—m



also, for m =n

s

b
/flnfzn dex = / cos(nz) sin(nx) dx

—T

3. (i) We have

J(f)? dx
Lol oy
[ f?dx
0
A=0 & f'(z)=0 <& f(x)=const =0: unacceptable
= A>0
= f(z) = Cycos(VAz) + Cysin(vVAz)

= f/(l') = _Cl\/x Sln(\/XI') + CQ\/X COS(\/XIL’),
f0)=0 = C1=0,
F(m)=0 = CoVAcos(VAT)=0 = cos(vV A1) =0

2n —1 2n — 1)2
~ AW:WTW N An:WT% n=12...

(2n — Dz

= fau(x) =sin 5 ,

n=12,....

(ii) The proof that A > 0 is almost identical to that in (i), with b = 1. Hence, with f and



f’ also as in (i), we have

FO)=0 = CVA=0 = (=0,
f(1)=0 = CicosVA=0 = cosVA=0

(2n— 1) L (2n —1)272 1.9
— n=-—-"— n=12/..
2 4

(2n — 1)z

2 )

= A=

= fn(x):(jos n:1,2,....

(iii) Noting that here

[p1f]g = FAF (1) = FO)F'(0) = —f>(0) <0,
we repeat the argument in Example 3.18 and conclude that A > 0. Then

f(x) = C1 cos(VAz) + Cysin(VAx)
= f'(z) = —C1V A sin(VAz) + CoVA cos(VAx),

FO)=f0)=0 = C1=VAC,,

f)=0 = CicosVA+CysinVA=0
= VACycos VA+ CosinVA=0 = 02(\/X COS\/X—FSin\/X) =0
= A cos VA +sin VA = 0.

Clearly, cos VA # 0; hence, tan VA = —v/\. This means that if ¢,, are the positive roots
of the transcendental equation tan( = —¢, then (given that C; = v/AC3) the eigenvalue-
eigenfunction pairs are

Ao =C2 0 fu(x) = Gucos(Cux) +sin(Cux), n=1,2,....
(iv) This time we have

[pf 1], = FS(1) = £(0)1/(0) = —f3(1) <0,

so the argument in Example 3.18 can be applied again to yield A > 0. Therefore, with f
and f’ the same as in (iii), we have

F0)=0 = VAC,=0 = (=0,
FO+f1)=0 = CicosVA—C1VAsinVA=0.
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Since, as is easily seen, C; # 0 and sin VA # 0, we have cot VA = VA, If ¢, are the
positive roots of the equation cot { = (, then the eigenvalue-eigenfunction pairs are

A =C2, falz) =cos(Cuz), n=1,2,....

(v) Since
1 1]y = F)F'(1) = F(0)f(0) = —f7(0) <0,
we deduce as above that A > 0. Hence, with f and f’ once again as in (iii),
FO) = F(0)=0 = C1=VAC,,
f'1)=0 = —C1VAsinVA+ CoVA cosVA=0
= —CVAsinVA+CicosVA=0 = C’l(—\/x Sin\/X—FCOS\/X) =0.

As above, we cannot have C; = 0 nor sinvA = 0; therefore, cot vVA = vA. Let ¢, be
the positive roots of the equation cot( = ¢. Then, since C; = VACs, the eigenvalue-
eigenfunction pairs are

A =C2, ful@) = Gucos(Gur) +sin(Cuz), n=1,2,....

(vi) From the characteristic equation:
s2—s5+A=0 = s :%(l—km), 32:%(1—M).
If A < 1/4, then s; and sy are real and distinct, so
f(x) = Cre®*™ + Coe®™™,  f'(z) = c151€"'" + Cas9€”27.
Then the BCs yield the homogeneous linear algebraic system

Ci151 + Cyse =0,
0181631 + 0282682 =0
with determinant

S1 S2
s1€°1  s9e°2

Clearly, s; # 0 and e®* # e®2, but so = 0 if A = 0. In the latter case, f(z) = Cie” + Cq,
and the BCs imply that C; = 0. Consequently, we have the eigenvalue-eigenfunction pair

= s152(e’t — €e°2).

)\0 = O, fo(.’l?) =1.



If A\=1/4, then s1 = s9 =1/2, so
f(x) = (C1 + Com)e™?,  f'(x) = (Co + 1 Oy + 1 Cox)e™/?,
and the BCs yield the system

Ci+3Cy =0,
5C1+3C=0,

which has the unique (unacceptable) solution C; = Cy = 0.
If A >1/4, then

fx) = e*/? [C cos (VAN —12) + Cysin (3V4AN — 112)]
= f(x) = *?[3(Cy + CovAN — 1) cos (3V4X — 1)
+ £(Co — C1V4X — 1) sin (5V4X — 12)],

and the BCs lead to
C1+CoVaAr—1=0, (Cy—CiV4X—1)sin(3V4X—1) =0.

If Cy — Civ4X — 1 = 0, then C'; and C5 would satisfy a homogeneous linear system with
determinant 4\ # 0, which would imply that C; = Cy = 0; therefore,

sin(3vV4A—1) =0 = {V4AA—1l=nr

= An:%(4n27r2+1):n2ﬂ-2+7117 ’)”L:]_,2,....

The equality C7 + Cav/4X\ — 1 = 0 now reduces to Cy + 2Conm = 0, so, taking C7, = —2n7
and Cs = 1, we obtain the eigenfunctions

fo(z) = /2 [ — 2nm cos(nmra) + sin(nwz)|, n=1,2,....

4. (i) Forn=1,2,...,

T

/bufn do = /sin(nx) dz = — X [eos(na)]” = 21— (~1))],

0



b s
f2dr = [ sin®(nz)de =1
[re=]
> o= (1= (1) 2= 2 1= (1]

- Z [1—(-1)"] % sin(nz).

(ii) By direct calculation, for n = 1,2,... we have

us

b
/ufn dx = /(2:1: + 3) sin(nz) dz

0

_ [(2@« +3) (— %) cos(mc)]z + ] 2 cos(na) da

2 TS cosum) 4~ [sin(na)]§ = 3~ (2 + 3)(~1)"]

SEES

= ¢y = % [3— (27 +3)(—1)"] %
_ % 3 (27 +3)(—1)"]

(iii) With L =1, for n = 1,2, ... we have

1
2 / f(x)sin(nrz)

0

1/2

2[/xsm nrz)dr +
0

1

/1(1 — z)sin(nrz) dr
/2



1/2
1 1/2 1
= 2{ [az(— —) COS(TMT{L'):| + / — cos(nmzx) dx
nm 0 )

1

4 {(1 - x)(— i) cos(mm‘)} D [ L costumn) (—da:)}

nm 1/2 nm
1/2
1 nm 1 . 1/2
= 2{ ~ 5o COS + == [sm(mrx)]o
1 nmw 1 . 1
+ o OS5 T [sm(mm;)]lm}
2 . onm n 2 . nm 4 . onm
= ——sin—+ —— sin— = —— sin —
n2m? 2 n?n? 2 n2m? 2
= 4 nmw
= u(x) ~ Z ——5 sin —- sin(nmz).
e 2

5. (i) Since f(x) = 1 is an eigenfunction, the expansion for u(z) = 1 coincides with the

function itself. This can also be verified by direct calculation:
b ™

/ufodac:/dac:ﬂ,

a 0

b T .

/ufn dx = /cos(nx) dx = - [sin(nw)]g =0,
a 0

/fgd:c:/d:czw
0

0

(ii) Here

b T

/ufodx:/(2x+3)dx: [x2+3:v}g:7r2+37r,
a 0



us

b
/ufn dx = /(2:1; + 3) cos(nx) dx
a 0

T

1 T 2
= [(2x+3)— sin(nx)] —/— sin(nx) dx
n 0 n
2 . . 2
=3 [cos(nx)}o = [(-1)" —1] pot n=12,...,
/fgdxzﬁ, /fsdx: , n=12,
0 0
9 1
= co=(m"+31)—=1+3,
. 2 2 . 4
cn = [(—1) _1}ﬁ%:[(_1) _1]W’ n=1,2,
- 4
~ 3 1y 1]
= u(r) ~7m+ +7;[( ) ]n27r cos(nz)

(iii) For L =1,

1 1/2 1
= [t@yda= [eant [(-z)de =3[ + [0~ 427, =
0 0 /2

1

—_

2 / f(x) cos(nmzx) dx

0

1/2 1
= 2[/3:008 nrx) dr + /(1 — z) cos(nmz) da:]
0 /2

1

1/2
1 1/2 1
= 2{ [x — Sin(mrx)] - / — sin(nmzx) dx
0

0 nm
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+ {(1 — :E)% sin(mrx)} 1/2 — 1 % sin(nmz) (—dfﬂ)}
172

1 1
— 2{% sin % + a3 [cos(mm:)}é/2

B 1 nm 1 1 1 nw

=2 53 cos 5 33 33 cos(nm) + . cos o>
2 nm 1 1

_ +1 _

=2 [n%r? cos — + (=1)" i n2772}’ n=1,2,




