5. The standard asymptotic expansion for u leads to

up=¢e ', up = —(ug)s + (Wo)ze =€ %, ..., up=e¢"*, n=0,1,2,... (by induction);

hence,
u(z,t) =e t(14+et+e?+--) =

which does not satisfy the IC. Consequently, we introduce a boundary layer near ¢ = 0 that,
by the argument used in Example 13.13, should be of width ¢, yielding the substitution
T =t/e, u(x,t) = u(x,et) = v(z, 7). The IVP now becomes

Vr — EVpy +V =€ =1 —e1+0(e?), wv(z,0)=sinz,
and the asymptotic expansion procedure applied to v leads to

(vo)r +vo =1, wvo(x,0) =sinzx
= vy=Ce"+1=(sinx—1)e " +1,

(v1)r +v1 = (V9)ge —T=—€ "sinzx —7, wv1(x,0)=0

-7 -7

= vyy=C0e " —7e "sinz+1—7=—€T —7¢ "sinz+1—7

= v(r,t) = (sine —1)e "+ 1+e(—e 7 —Te Tsinz +1—7)+O0(?).

Applying the matching procedure described in Example 13.12, we have

eft e €T
l-¢ 1-¢
—1+e—er+0(E*) =1—t+e+0(?),

u'(x,t) = v(z,t/e) = (sinz — 1)e ¥/ +1

t t
+€(—e_t/5— e Yesing 41— —) + 0(£?)
€ €

ul(z,t) = u(x,t) = =(1—er+0(E?)(1+e+0(?))

=1—t+e+0(?)
= (W) = (W)’ =1—-t+e+0(?),

so the inner and outer solutions are matched up to O(g) terms and the composite solution
is

u(z,t) =1—t+e+ (sinz—1)e ¥/ —te /e sine — e V¢ + O(e?)
=1—t+e+ [(1-t)sing—1—¢le e+ 0(e?).
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6. An expansion of the form u(x,t) = ug(z,t) + O(e) yields
(uo)y — 2(uo)e =0, up(z,0) =1, wup(z,1)=sinz.
Using the method of characteristics with y = 1 as data line, we have

2(y)=-2, z(l)=29 = x=-2y+z0+2 = T0=0+2Y—2
dug
dy
= wu(z,y) =sin(x + 2y — 2) + O(e),

= =0 = u(z,y) =C =up(zo,1) =sinzg = sin(zx + 2y — 2)

which does not satisfy the BC at y = 0. As in Example 13.13, we determine that the
boundary layer near y = 0 should be of width ¢, so we set

n=uy/e, u(z,y)=u(x,en) =v(z,n)
and arrive at the new problem

52Umx + Unpn — 257}3; + Uy = 0, U(LI?, O) =0.

Here the expansion v(x,n) = vg(z,n) + O(e) leads to

(v0)ym + (vo)y =0, wo(z,0) =0
= v9=0C1(z)+Cy(x)e™"=1—Cq(x) + Cy(x)e™ "
= v(z,n) =1—-Cs(x)+ Cyo(z)e”" 4+ O(e);

hence, matching the inner and outer solutions, we obtain

ul(z,y) = u(z,y) = sin(x + 2y — 2) + O(e)

= (u°)" =sin(z + 2en — 2) + O(e) = sin(x — 2) + O(e),
u'(z,y) = vz, yle) =1 — Cy(x) + Colz)e /5 + Ofe)

=  (u)° =1—Co(x) +O(e)

= (Oy(x) =1—sin(z —2)

= u'(z,y) = sin(z — 2) + [1 —sin(z — 2)}6734/6 + O(e)

= u’(z,y) =sin(z + 2y —2) + [1 —sin(z — 2)}673//& + O(e).



7. The asymptotic expansion u(x,y) = ug(z,y) + O(e) yields the BVP

(wo)e — 2(up)y =0, O0<z<1, y>0,
up(z,0)=1—2z, 0<zx<l,

{y_27 O<y§2;

UO(an) = p(y) = 07 Yy > 2’

uO(]-?y) = eny’ y > 0.
First, we use the method of characteristics on the PDE with x = 0 as data line:

y'(x)=-2, y0)=y = y=-22+y = y=y+2u
dug
dx
= u(x,y) =py +2z) + O(e).

=0 = wo(zr,y) =C=uo(0,y0) = p(yo) = p(y + 22)

This function does not satisfy the BCs on y = 0 and x = 1, so we need to introduce two
boundary layers. As in Example 13.13, the analysis of the layer width reveals that in both
cases this should be ¢.

(i) Near y = 0 we set,
n=yle, ulz,y)=ulz,en) =v(,n)
and, expanding v in an asymptotic series, obtain
e20p + Uy + 0 — 20, =0, v(z,0)=1—1x
= (v0)pn +2(vo)y =0, vo(z,0)=1—x
= wo(z,n) = O1(z) + Ca(x)e™ = (1 — 2 — Co(x)) + Ca(x)e™ "
= v(x,n) =1 -z — Cy(z)) + Ca(x)e™" 4+ O(e).

(ii) Near x = 1 we set
{=(1—-2)/e, uzy)=ul-ey)=wy)
and, as in (i), find that
wee + €% Wyy + we + 26wy =0, w(0,y) = e~
= (wo)ee + (wo)e =0, wo(0,y) = e

= wo(¢,y) = D1(y) + Da(y)e ¢ = e — Dy(y) + Da(y)e*
= w(&,y) = e — Dy(y) + Da(y)e ¢ + O(e).



Then the matching procedure (see Example 13.12) for each of the two boundary layers
yields

u®(z,y) = u(z,y) = ply + 22) + O(e)
= (u%)" = p(en + 2z) + O(¢) = p(2z) + O(e),
't (z,y) = v(z,y/e) = (1 —x — Cy(x)) + Coe™ /5 + O(e)

= (u")°(z,y) =1—z — Ca(z) + O(e),

(W) (z,y) = (u)°(z,y) = Ca(z)=1-12—p(2x)
= ' (z,y) = p(2x) + [1 — z — p(2z)]e >/ + O(e),

(u®)? = ply + 2 — 26€) + O(e ) (y+2)+0( )

u?(z,y) = w((zx — 1)/e,y) = e — Dy(y) + Da(y)e™ 1/ + O(e)
= (u)? = e — Dy(y) + O(e),

(u%)2 = (u?)° =  Dy(y) = —p(y+2)

= u?(z,y) = p(y+2) + [ — ply+2)]e" D/ + 0(e).
Since p(2x) =2 — 2,0 <z < 1, and p(y + 2) =0, y > 0, we finally have
ut(z,y) = 2(x — 1) 4+ 3(1 — 2)e" 2/ + O(e),
u?(z,y) = e el V/e L O(e) = e~ vH@=D/e L O(e)
= u(z,y) = u’(z,y) +u'(z,y) +u(z,y) — ()" (z,y) — (u°)*2(z,y)
= p(y +22) + 3(1 — x)e /¢ f 72t @=D/e L O(e)

_ y +22 -2+ 3(1 —z)e W/ 4 e WHED/E L O(e), y<2(1- 1),
1301 — z)e /e 4 e~ tE-D/e L O(e), y > 2(1 —x).



