
Chapter 11

1. (i) Here

A = 1, B = x− 1, C = 1 ⇒ B2 − 4AC = (x− 1)2 − 4

⇒ (x− 1)2 < 4 ⇔ |x− 1| < 2 ⇔ −1 < x < 3 : elliptic,

x < −1 or x > 3 : hyperbolic,

x = −1 or x = 3 : parabolic.

(ii) Similarly,

A = y, B = −x, C = y ⇒ B2 − 4AC = x2 − 4y2 = (x− 2y)(x+ 2y)

⇒ |x| < 2|y| (obtuse angles between the lines x = 2y and x = −2y): elliptic,

|x| > 2|y| (acute angles between the lines x = 2y and x = −2y): hyperbolic,

|x| = 2|y| (on the lines x = 2y and y = −2y): parabolic.

(iii) This time

A = x+ 2, B = 2(x+ y), C = 2(y − 1)

⇒ B2 − 4AC = 4(x+ y)2 − 8(x+ 2)(y − 1) = 4(x2 + y2 + 2x− 4y + 4)

= 4
[

(x+ 1)2 + (y − 2)2 − 1
]

⇒ elliptic inside the circle (x+ 1)2 + (y − 2)2 = 1,

hyperbolic outside the circle (x+ 1)2 + (y − 2)2 = 1,

parabolic on the circle (x+ 1)2 + (y − 2)2 = 1.

2. (i) We have

B2 − 4AC = 49 + 32 = 81 > 0 ⇒ hyperbolic equation,

dy

dx
=

−7 ± 9

8
= −2, 1

4 ⇒ y = −2x+ C1, y = 1
4 x+ C2

⇒ r = 2x+ y, s = 4y − x

⇒ Ā = C̄ = 0, B̄ = −81, D̄ = Ē = F̄ = 0, Ḡ = 243rs2, u(x, y) = v(r, s)

⇒ vrs = −3rs2 ⇒ vr = −rs3 + C1(r)

⇒ v(r, s) = − 1
2 r

2s3 + ϕ(r) + ψ(s)

⇒ u(x, y) = 1
2 (2x+ y)2(x− 4y)3 + ϕ(2x+ y) + ψ(4y − x).
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(ii) Here

B2 − 4AC = 1 + 24 = 25 > 0 ⇒ hyperbolic equation,

dy

dx
=

1 ± 5

6
= 1, − 2

3 ⇒ y = x+ C1, y = − 2
3 x+ C2

⇒ r = y − x, s = 2x+ 3y

⇒ Ā = C̄ = 0, B̄ = −25, D̄ = 50, Ē = F̄ = 0, Ḡ = 25s, u(x, y) = v(r, s)

⇒ vrs − 2vr = −s

⇒ vr = e2s

∫

−se−2s ds = e2s

(

1
2 se

−2s −

∫

1
2 e

−2s ds

)

= 1
2 s+ 1

4 + C1(r)e
2s

⇒ v(r, s) = 1
2 rs+ 1

4 r + ϕ(r)e2s + ψ(s)

⇒ u(x, y) = 1
2 (2x+ 3y)(y − x) + 1

4 (y − x) + ϕ(y − x)e2(2x+3y) + ψ(2x+ 3y).


