
Chapter 10

1. (i) As in Section 10.1,

Gxx(x, ξ) = −δ(x − ξ), 0 < x < 1, G(0, ξ) = 0, Gx(1, ξ) = 0

⇒ Gx(x, ξ) = −H(x − ξ) + C1(ξ) =

{

C1(ξ), x < ξ,

−1 + C1(ξ), x > ξ,

⇒ G(x, ξ) =

{

xC1(ξ) + C2(ξ), x < ξ,

−x + xC1(ξ) + C3(ξ), x > ξ

⇒ C2(ξ) = 0, −1 + C1(ξ) = 0 ⇒ G(x, ξ) =

{

x, x < ξ,

C3(ξ), x > ξ,

G(ξ−, ξ) = G(ξ+, ξ) ⇒ C3(ξ) = ξ ⇒ G(x, ξ) =

{

x, x ≤ ξ,

ξ, x > ξ

⇒ G(x, ξ) = G(ξ, x), Gξ(x, ξ) =

{

0, x < ξ,

1, x > ξ.

If in Green’s formula
1

∫

0

(u′′v − v′′u) dx =
[

u′v − v′u
]1

0

we let u be the solution of the given BVP and v = G, then

1
∫

0

[

− G(x, ξ) + δ(x − ξ)u(x)
]

dx = −G(1, ξ) + Gx(0, ξ)

⇒ u(ξ) =

1
∫

0

G(x, ξ) dx − G(1, ξ) + Gx(0, ξ)

⇒ u(x) =

1
∫

0

G(x, ξ) dξ − G(x, 1) + Gξ(x, 0)

=

x
∫

0

ξ dξ +

1
∫

x

x dξ − x + 1 = 1

2
x2 + x(1 − x) − x + 1 = − 1

2
x2 + 1.

1



2

(ii) The Green’s function is the same as in (i), but this time Green’s formula yields

1
∫

0

[

− xG(x, ξ) + δ(x − ξ)u(x)
]

dx = G(1, ξ) − 2Gx(0, ξ)

⇒ u(x) =

1
∫

0

ξG(x, ξ) dξ + G(x, 1) − 2Gξ(x, 0)

=

x
∫

0

ξ2 δξ +

1
∫

x

ξx dξ + x − 2

= 1

3
x3 + 1

2
x(1 − x2) + x − 2 = − 1

6
x3 + 3

2
x − 2.

2. (i) Here

Gxx(x, ξ) = −δ(x − ξ), 0 < x < 1, Gx(0, ξ) = 0, G(1, ξ) = 0

⇒ Gx(x, ξ) = −H(x − ξ) + C1(ξ) =

{

C1(ξ), x < ξ,

−1 + C1(ξ), x > ξ

⇒ G(x, ξ) =

{

xC1(ξ) + C2(ξ), x < ξ,

−x + xC1(ξ) + C3(ξ), x > ξ

⇒ C1(ξ) = 0, −1 + C3(ξ) = 0 ⇒ G(x, ξ) =

{

C2(ξ), x < ξ,

−x + 1, x > ξ,

G(ξ−, ξ) = G(ξ+, ξ) ⇒ C2(ξ) = −ξ + 1 ⇒ G(x, ξ) =

{

−ξ + 1, x ≤ ξ,

−x + 1, x > ξ

⇒ G(x, ξ) = G(ξ, x), Gξ(x, ξ) =

{

−1, x < ξ,

0, x > ξ.

Green’s formula (10.5) with u the solution of the given BVP and v replaced by G now
yields

1
∫

0

[

− G(x, ξ) + δ(x − ξ)u(x)
]

dx = Gx(1, ξ) − G(0, ξ)

⇒ u(ξ) =

1
∫

0

G(x, ξ) dx + Gx(1, ξ) − G(0, ξ)



3

⇒ u(x) =

1
∫

0

G(x, ξ) dξ + Gξ(x, 1) − G(x, 0)

=

x
∫

0

(−x + 1) dξ +

1
∫

x

(−ξ + 1) dξ − 1 + x − 1

= (−x + 1)x − 1

2
(1 − x2) + 1 − x + x − 2 = − 1

2
x2 + x − 3

2
.

(ii) Using the function G from (i), Green’s formula (10.5), and the BCs of the given BVP,
we obtain

1
∫

0

[

− xG(x, ξ) + δ(x − ξ)u(x)
]

dx = −Gx(1, ξ) + 2G(0, ξ)

⇒ u(x) =

1
∫

0

ξG(x, ξ) dξ − Gξ(x, 1) + 2G(x, 0)

=

x
∫

0

ξ(−x + 1) dξ +

1
∫

x

ξ(−ξ + 1) dξ + 1 − 2x + 2

= (−x + 1) 1

2
x2 − 1

3
(1 − x3) + 1

2
(1 − x2) − 2x + 3 = − 1

6
x3 − 2x + 19

6
.

3. The eigenvalue-eigenvector pairs of the BVP are (see Example 5.5)

λn =
(2n − 1)2π2

4
, Xn(x) = sin

(2n − 1)πx

2
, n = 1, 2, . . .

In view of the continuity of G at x = ξ and the symmetry G(x, ξ) = G(ξ, x), we seek a
representation of the form

G(x, ξ) =
∞
∑

m=1

[ ∞
∑

n=1

bmn sin
(2n − 1)πx

2

]

sin
(2m − 1)πξ

2
.

Substituting in the ODE for G, we find that

−

∞
∑

m=1

[ ∞
∑

n=1

(2n − 1)2π2

4
bmn sin

(2n − 1)πx

2

]

sin
(2m − 1)πξ

2
= −δ(x − ξ).



We multiply both sides by sin
(

(2p− 1)πx/2
)

and integrate over [0, 1]. Since (see Example

5.5) the set
{

Xn

}

∞

n=1
is orthogonal on [0, 1] and

1
∫

0

sin2
(2p − 1)πx

2
dx =

1

2
, n = 1, 2, . . . ,

we obtain

(2p − 1)2π2

4

1

2

∞
∑

n=1

bmp sin
(2m − 1)πξ

2
= sin

(2p − 1)πξ

2

⇒ bpp =
8

(2p − 1)2π2
, bmp = 0, m, p = 1, 2, . . . , m 6= p

⇒ G(x, ξ) =
∞
∑

n=1

8

(2n − 1)2π2
sin

(2n − 1)πx

2
sin

(2n − 1)πξ

2
.

4. Here (see Example 5.6)

λn =
(2n − 1)2π2

4
, Xn(x) = cos

(2n − 1)πx

2
, n = 1, 2, . . .

⇒ G(x, ξ) =
∞
∑

m=1

[ ∞
∑

n=1

amn cos
(2n − 1)πx

2

]

cos
(2m − 1)πξ

2

⇒
(2p − 1)2π2

4

1

2

∞
∑

m=1

amp cos
(2m − 1)πξ

2
= cos

(2p − 1)πξ

2

⇒ app =
8

(2p − 1)2π2
, amp = 0, m, p = 1, 2, . . . , m 6= p

⇒ G(x, ξ) =
∞
∑

n=1

8

(2n − 1)2π2
cos

(2n − 1)πx

2
cos

(2n − 1)πξ

2
.
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