Chapter 10

1. (i) As in Section 10.1,

Guo(2,6) = —6(x — &), O<az<1, G(0,6)=0, Gu(1,€) =0

= Gx(x,g):—H(fc—ﬁ)JrCl(f):{?11(_?’01(5), 2§§

= Gl = { T T

= (6 =0, —14+C(6)=0 = G(x’f):{gg(g), zig
G- € =G(E+HE = C3(9=¢ = ma©=ﬁfi§§

07 $<§7
1, z>¢€.

= G(x,6) =G(& ), G,g(:):,g):{

If in Green’s formula
1

/(u"v —v"u) dz = [u'v — UIU](l)

0

we let u be the solution of the given BVP and v = GG, then
1
/ G(z,&) + 6(z — Hu(x)] dz = —G(1,€) + G4 (0,€)
0 1
= ule) = [ G&)dn - 6L + 6. (0.9
0
1

= u(x) = /G(m,f) d¢ — G(z,1) + Ge(x,0)
0

1
:/gd§+/xd§—x+1:%x2+a:(1—x)—x+1:—%x2+1.
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(ii) The Green’s function is the same as in (i), but this time Green’s formula yields
1
[ =266 + 8(z ~ ula)] do = G(1,6) - 26,(0.9)
0

= u(x) = /fG(a:,f) d¢ + G(z,1) — 2G¢(x,0)
0

x 1
:()/526§+/§xd§+m—2

=i +ia(l-2*)+o-2=-32"+3z-2
2. (i) Here

Gool(2,6) = —0(z — &), O<z<1, Gu(0,6)=0, G(1,6)=0

zC1(8) + Ca(8), x <€,

> G@h= { —z+z2C1(§) + C3(§), =>¢

02(5), l‘<€,
_'T+17 I’>£,
_£+17 'ng,
—zrz+1, x>¢

S GO0 S14GEO -0 + Gl -]

GE—6) =CErE) = Co@)=—£+1 = G(:E,g):{

-1, xz<E¢,

= G(2,6)=0G(¢ ), Ga(mvf):{o T> ¢

Green’s formula (10.5) with u the solution of the given BVP and v replaced by G now
yields

1
/ G(z,&) + o( :z:—E)u(:C)} dx = G,(1,£) — G(0,¢)
0
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G(z,§) dé + Ge(x,1) — G(z,0)

1

(—x+1)d§+/(—§+1)d£—1+x—1

€T

0
=(—z+lz—-L(1-2)+1-2+z-2=—-12"+2—

l\ch»J

(ii) Using the function G from (i), Green’s formula (10.5), and the BCs of the given BVP,
we obtain

/ — 2G(,8) + 6(x — Eu(x)] dv = —G,(1,€) + 2G(0,€)
0

:>m@:/wm@%—gmn+mmm
0

x 1
/g(—x+1)d§+/§(—£+1)d£+1—2a:+2
0 x

(—m+1)%x2—%(1—m3)+%(1—x2)—2x+3:—%a:3—2x+%9

3. The eigenvalue-eigenvector pairs of the BVP are (see Example 5.5)

(2n — 1)272
4 )

(2n — V)7x

Ap = Xn(a:):sinf, n=12,...

In view of the continuity of G at x = & and the symmetry G(z,§) = G(&, ), we seek a
representation of the form

8

i {Z . sm (2n ;1)71‘5(31 “in (2m ; 1)7T§.

m=1

Substituting in the ODE for GG, we find that

> =L (2n — 1)272 o 2n—1Dmx| . 2m—1)7
—Z {Z%bmnsm%} sm%z—é(m—{).



We multiply both sides by sin ((2p — 1)7#/2) and integrate over [0, 1]. Since (see Example
5.5) the set {Xn}zozl is orthogonal on [0, 1] and

2p—1
sin2wdm: n=12,...,

1
2 2’

o —

we obtain
m—1)2712 1 & om —1 o —1
(2p 4)7T §mepsin(m )€ _ o (2p—1)mE
n=1

8
= bpp:( bmpzoa m,p:1,2,...,m7ép

2p — 1)272’
= 8 . Cn—1Dmx . (2n—1)n¢
= G(z,8) = Z Gn =122 sin ) sin 5 .

n=1

4. Here (see Example 5.6)

2n — 1)272 2n —1
Ay = BT ) meos PRI
4 2
[ (2n — )7z (2m — 1)mw¢
= G(z,8) = mz_l Lzl Ay, COS 5 cos 5
2p—1)%12 1 2m — 1 2p—1
= (p 4)7T iéampcos(m2 )ﬂ-SZCOS(p 5 )ﬂ-g
8
= a“PP = (2]9 1)271'2, amp = 07 m,p = 17 27 , M 7& p
> 8 (2n—Drz  (2n—D)né
= G(z,§) = nzl @n = 1) cos 5 cos 5



