
6. (i) As in Example 7.7,

L = 1, K = 2, λn = n2π2, Xn(x) = sin(nπx), n = 1, 2, . . .

⇒ q(x, y) =
∞
∑

n=1

qn(y) sin(nπx) ⇒ q2 = 1, qn = 0, n 6= 2,

f1(x) =
∞
∑

n=1

f1n sin(nπx) ⇒ f11 = 1, f13 = −2, f1n = 0, n 6= 1, 3,

f2(x) =

∞
∑

n=1

f2n sin(nπx) ⇒ f22 = −1, f2n = 0, n 6= 2

⇒ c′′1(y) − π2c1(y) = 0, c1(0) = 1, c1(2) = 0

⇒ c1(y) = C1 sinh(πy) + C2 sinh
(

π(y − 2)
)

= − cosech(2π) sinh
(

π(y − 2)
)

,

c′′2(y) − 4π2c2(y) = 1, c2(0) = 0, c2(2) = −1

⇒ c2(y) = C1 sinh(2πy) + C2 sinh
(

2π(y − 2)
)

−
1

4π2

=

(

1

4π2
− 1

)

cosech(4π) sin(2πy)

−
1

4π2
cosech(4π) sin

(

2π(y − 2)
)

−
1

4π2
,

c′′3(y) − 9π2c3(y) = 0, c3(0) = −2, c3(2) = 0

⇒ c3(y) = C1 sinh(3πy) + C2 sinh
(

3π(y − 2)
)

= 2 cosech(6π) sinh
(

3π(y − 2)
)

,

c′′
n
(y) − n2π2cn(y) = 0, cn(0) = 0, cn(2) = 0 ⇒ cn(y) ≡ 0, n 6= 1, 2, 3

⇒ u(x, y) = − cosech(2π) sinh
(

π(y − 2)
)

sin(πx)

+

[(

1

4π2
− 1

)

cosech(4π) sinh(2πy)

−
1

4π2
cosech(4π) sinh

(

2π(y − 2)
)

−
1

4π2

]

sin(2πx)

+ 2 cosech(6π) sinh
(

3π(y − 2)
)

sin(3πx).

(ii) Using (7.8), here we have

L = 1, K = 2, λn = n2π2, Xn(x) = sin(nπx), n = 1, 2, . . .
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⇒ q(x, y) =

∞
∑

n=1

qn(y) sin(nπx),

qn(y) =
2

L

L
∫

0

q(x, y) sin(nπx) dx = 2

1
∫

0

1

2
π3 sin(nπx) dx

= π3

(

−
1

nπ

)

[

cos(nπx)
]1

0
=

[

1 − (−1)n
] π2

n
, n = 1, 2, . . . ,

f1(x) =
∞
∑

n=1

f1n sin(nπx), f1n =
2

L

1
∫

0

f1(x) sin(nπx) dx = 0, n = 1, 2, . . . ,

f2(x) =

∞
∑

n=1

f2n sin(nπx),

f2n =
2

L

L
∫

0

f2(x) sin(nπx) dx = 2

1
∫

0

1

2
x sin(nπx) dx

=

[

x

(

−
1

nπ

)

cos(nπx)

]1

0

+

1
∫

0

1

nπ
cos(nπx) dx

= −
1

nπ
cos(nπ) +

1

n2π2

[

sin(nπx)
]1

0
= (−1)n+1 1

nπ
, n = 1, 2, . . .

⇒ c′′
n
(y) − n2π2cn(y) =

[

1 − (−1)n
] π2

n
, cn(0) = 0, cn(2) = (−1)n+1 1

nπ

⇒ cn(y) = C1 sinh(nπy) + C2 sinh
(

nπ(y − 2)
)

−
[

1 − (−1)n
] 1

n3

=

{

[

1 − (−1)n
] 1

n3
+ (−1)n+1 1

nπ

}

cosech(2nπ) sinh(nπy)

+
[

(−1)n − 1
] 1

n3
cosech(2nπ) sinh

(

nπ(y − 2)
)

−
[

1 − (−1)n
] 1

n3

⇒ u(x, y) =

∞
∑

n=1

{[

1 − (−1)n

n3
+

(−1)n+1

nπ

]

cosech(2nπ) sinh(nπy)

+
(−1)n − 1

n3
cosech(2nπ) sinh

(

nπ(y − 2)
)

−
1 − (−1)n

n3

}

sin(nπx).
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(iii) We have

L = 1, K = 2, λn =
n2π2

2
, Yn(y) = sin

nπy

2
, n = 1, 2, . . .

⇒ q(x, y) =
∞
∑

n=1

qn(x) sin
nπy

2
⇒ q2 = −π2, qn = 0, n 6= 2,

g1(y) =
∞
∑

n=1

g1n sin
nπy

2
⇒ g12 = 2, g1n = 0, n 6= 2,

g2(y) =
∞
∑

n=2

g2n sin
nπy

2
⇒ g21 = 1, g2n = 0, n 6= 1

⇒ c′′1(x) −
π2

4
c1(x) = 0, c1(0) = 0, c1(1) = 1

⇒ c1(x) = C1 sinh
πx

2
+ C2 sinh

π(x − 1)

2
= cosech

π

2
sinh

πx

2
,

c′′2(x) − π2c2(x) = −π2, c2(0) = 2, c2(1) = 0

⇒ c2(x) = C1 sinh(πx) + C2 sinh
(

π(x − 1)
)

+ 1

= − cosech π
[

sinh(πx) + sinh
(

π(x − 1)
)]

+ 1,

c′′
n
(x) +

n2π2

4
cn(x) = 0, cn(0) = 0, cn(1) = 0 ⇒ cn(x) ≡ 0, n 6= 1, 2

⇒ u(x, y) = cosech
π

2
sinh

πx

2
sin

πy

2
+

{

1 − (cosech π)
[

sinh(πx) + sinh
(

π(x − 1)
)]}

sin(πy).

7. (i) We have (see Example 7.8)

λ0 = 0, Θ0(θ) ≡ 1,

λn = n2, Θ1n(θ) = cos(nθ), Θ2n(θ) = sin(nθ), n = 1, 2, . . .

⇒ q(r) = q0(r) +
∞
∑

n=1

[

q1n(r) cos(nθ) + q2n(r) sin(nθ)
]

⇒ q0 = −8, q1n = q2n = 0, n = 1, 2, . . . ,

f(θ) = f0 +
∞
∑

n=1

[

f1n cos(nθ) + f2n sin(nθ)
]

⇒ f0 = −1, f13 = 2, f1n = 0, n 6= 3, f21 = 2, f2n = 0, n 6= 1



⇒ c′′0(r) + r−1c′0(r) = −8, c0(1) = −1, c0(0) bounded

⇒ c0(r) = −2r2 + C1 ln r + C2 = −2r2 + 1,

c′′13(r) + r−1c′13(r) − 9r−2c13(r) = 0, c13(1) = 2, c13(0) bounded

⇒ c13(r) = C1r
3 + C2r

−3 = 2r3,

c′′1n
(r) + r−1c′1n

(r) − r−2c1n(r) = 0, c1n(1) = 0, c1n(0) bounded

⇒ c1n(r) ≡ 0, n 6= 3,

c′′21(r) + r−1c′21(r) − r−2c21(r) = 0, c21(1) = 2, c21(0) bounded

⇒ c21(r) = C1r + C2r
−1 = 2r,

c′′2n
(r) + r−1c′2n

(r) − r−2c2n(r) = 0, c2n(1) = 0, c2n(0) bounded

⇒ c2n(r) ≡ 0, n 6= 1

⇒ u(r, θ) = 1 − 2r2 + 2r sin θ + 2r3 cos(3θ).

(ii) As in (i),

λ0 = 0, Θ0(θ) ≡ 1,

λn = n2, Θ1n(θ) = cos(nθ), Θ2n(θ) = sin(nθ), n = 1, 2, . . .

⇒ q(r) = q0(r) +

∞
∑

n=1

[

q1n(r) cos(nθ) + q2n(r) sin(nθ)
]

⇒ q0 = 9r, q11 = 6, q1n = 0, n 6= 1, q21 = 3, q2n = 0, n 6= 1,

f(θ) = f0 +

∞
∑

n=1

[

f1n cos(nθ) + f2n sin(nθ)
]

⇒ f0 = 1, f1n = 0, n = 1, 2, . . . , f21 = −3, f2n = 0, n 6= 1

⇒ c′′0(r) + r−1c′0(r) = 9r, c0(1) = 1, c0(0) bounded

⇒ c0(r) = r3 + C1 ln r + C2 = r3,

c′′11(r) + r−1c′11(r) − r−2c11(r) = 6, c11(1) = 0, c11(0) bounded

⇒ c11(r) = C1r + C2r
−1 + 2r2 = −2r + 2r2,

c′′1n
(r) + r−1c′1n

(r) − r−2c1n(r) = 0, c1n(1) = 0, c1n(0) bounded

⇒ c1n(r) ≡ 0, n 6= 1,

c′′21(r) + r−1c′21(r) − r−2c21(r) = 3, c21(1) = −3, c21(0) bounded
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⇒ c21(r) = C1r + C2r
−1 + r2 = −4r + r2,

c′′2n
(r) + r−1c′2n

(r) − r−2c2n(r) = 0, c2n(1) = 0, c2n(0) bounded

⇒ c2n(r) ≡ 0, n 6= 1

⇒ u(r, θ) = r3 + (2r2 − 2r) cos θ + (r2 − 4r) sin θ.


