
4. (i) Here

L = 1, c = 1, λn = n2π2, Xn(x) = sin(nπx), n = 1, 2, . . .

⇒ q(x, t) =
∞
∑

n=1

qn(t) sin(nπx) ⇒ q2 = 2, qn = 0, n 6= 2,

f(x) =

∞
∑

n=1

fn sin(nπx) ⇒ f1 = 1, fn = 0, n 6= 1,

g(x) =
∞
∑

n=1

gn sin(nπx) ⇒ g2 = −3, gn = 0, n 6= 2

⇒ c′′
1
(t) + π2c1(t) = 0, c1(0) = 1, c′

1
(0) = 0

⇒ c1(t) = C1 cos(πt) + C2 sin(πt) = cos(πt),

c′′
2
(t) + 4π2c2(t) = 2, c2(0) = 0, c′

2
(0) = −3

⇒ c2(t) = C1 cos(2πt) + C2 sin(2πt) +
1

2π2
= −

1

2π2
cos(2πt) −

3

2π
sin(2πt) +

1

2π2
,

c′′
n
(t) + n2π2cn(t) = 0, cn(0) = 0, c′

n
(0) = 0 ⇒ cn(t) ≡ 0, n 6= 1, 2

⇒ u(x, t) = cos(πt) sin(πx) +

[

1

2π2
−

1

2π2
cos(2πt) −

3

2π
sin(2πt)

]

sin(2πx).

(ii) As in (i),

L = 1, c = 1, λn = n2π2, Xn(x) = sin(nπx), n = 1, 2, . . .

⇒ q(x, t) =

∞
∑

n=1

qn(t) sin(nπx) ⇒ q1 = t, qn = 0, n 6= 1,

f(x) =

∞
∑

n=1

fn sin(nπx) ⇒ f1 = 1, fn = 0, n 6= 1,

g(x) =

∞
∑

n=1

gn sin(nπx) ⇒ g1 = 2, g3 = 4, gn = 0, n 6= 1, 3

⇒ c′′
1
(t) + π2c1(t) = t, c1(0) = 1, c′

1
(0) = 2

⇒ c1(t) = C1 cos(πt) + C2 sin(πt) +
1

π2
t = cos(πt) +

(

2

π
−

1

π3

)

sin(πt) +
1

π2
t,

c′′
3
(t) + 9π2c3(t) = 0, c3(0) = 0, c′

3
(0) = 4

1
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⇒ c3(t) = C1 cos(3πt) + C2 sin(3πt) =
4

3π
sin(3πt),

c′′
n
(t) + n2π2cn(t) = 0, cn(0) = 0, c′

n
(0) = 0 ⇒ cn(t) ≡ 0, n 6= 1, 3

⇒ u(x, t) =

[

cos(πt) +

(

2

π
−

1

π3

)

sin(πt) +
1

π2
t

]

sin(πx) +
4

3π
sin(3πt) sin(3πx).

(iii) Here

L = 1, λn = n2π2, Xn(x) = sin(nπx), n = 1, 2, . . .

⇒ qn(t) =
2

L

L
∫

0

qXn dx = 2

1
∫

0

1

2
(x − 1)t sin(nπx) dx

= t

{[

(x − 1)

(

−
1

nπ

)

cos(nπx)

]1

0

+

1
∫

0

1

nπ
cos(nπx) dx

}

= t

{

−
1

nπ
+

1

n2π2

[

sin(nπx)
]1

0

}

= −
1

nπ
t, n = 1, 2, . . . ,

fn =
2

L

L
∫

0

fXn dx = 2

1
∫

0

sin(nπx) dx

= 2

(

−
1

nπ

)

[

cos(nπx)
]1

0
=

[

1 − (−1)n
] 2

nπ
, gn = 0, n = 1, 2, . . .

⇒ c′′
n
(t) + n2π2cn(t) = −

1

nπ
t, cn(0) =

[

1 − (−1)n
] 2

nπ
, c′

n
(0) = 0

⇒ cn(t) = C1 cos(nπt) + C2 sin(nπt) −
1

n3π3
t

⇒ c′
n
(t) = −C1nπ sin(nπt) + C2nπ cos(nπt) −

1

n3π3
.

The ICs now lead to

[

1 − (−1)n
] 2

nπ
= C1, 0 = C2nπ −

1

n3π3

⇒ cn(t) =
[

1 − (−1)n
] 2

nπ
cos(nπt) +

1

n4π4
sin(nπt) −

1

n3π3
t

⇒ u(x, t) =

∞
∑

n=1

{

[

1 − (−1)n
] 2

nπ
cos(nπt) +

1

n4π4
sin(nπt) −

1

n3π3
t

}

sin(nπx).
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5. (i) Here

L = 1, c = 1, λn = n2π2, Xn(x) = cos(nπx), n = 0, 1, 2, . . .

⇒ q(x, t) =

∞
∑

n=0

qn(t) cos(nπx) ⇒ q0 = 3, qn = 0, n 6= 0,

f(x) =

∞
∑

n=0

fn cos(nπx) ⇒ f0 = 1, f2 = 2, fn = 0, n 6= 0, 2,

g(x) =

∞
∑

n=0

gn cos(nπx) ⇒ g3 = 1, gn = 0, n 6= 3

⇒ c′′
0
(t) = 3, c0(0) = 1, c′

0
(0) = 0 ⇒ c0(t) = 3

2
t2 + 1,

c′′
2
(t) + 4π2c2(t) = 0, c2(0) = 2, c′

2
(0) = 0

⇒ c2(t) = C1 cos(2πt) + C2 sin(2πt) = 2 cos(2πt),

c′′
3
(t) + 9π2c3(t) = 0, c3(0) = 0, c′

3
(0) = 1

⇒ c3(t) = C1 cos(3πt) + C2 sin(3πt) =
1

3π
sin(3πt),

c′′
n
(t) + n2π2cn(t) = 0, cn(0) = 0, c′

n
(0) = 0 ⇒ cn(t) ≡ 0, n 6= 0, 2, 3

⇒ u(x, t) = 3

2
t2 + 1 + 2 cos(2πt) cos(2πx) +

1

3π
sin(3πt) cos(3πx).

(ii) As in (i),

L = 1, c = 1, λn = n2π2, Xn(x) = cos(nπx), n = 0, 1, 2, . . .

⇒ q(x, t) =
∞
∑

n=0

qn(t) cos(nπx) ⇒ q0 = 1, q2 = t, qn = 0, n 6= 0, 2,

f(x) =

∞
∑

n=0

fn cos(nπx) ⇒ f2 = 2, fn = 0, n 6= 2,

g(x) =

∞
∑

n=0

gn cos(nπx) ⇒ g0 = 1, g1 = 1, g2 = −1, gn = 0, n 6= 0, 1, 2

⇒ c′′
0
(t) = 1, c0(0) = 0, c′

0
(0) = 1 ⇒ c0(t) = 1

2
t2 + t,

c′′
1
(t) + π2c1(t) = 0, c1(0) = 0, c′

1
(0) = 1

⇒ c1(t) = C1 cos(πt) + C2 sin(πt) =
1

π
sin(πt),

c′′
2
(t) + 4π2c2(t) = t, c2(0) = 2, c′

2
(0) = −1



⇒ c2(t) = C1 cos(2πt) + C2 sin(2πt) +
1

4π2
t

= 2 cos(2πt) −

(

1

2π
+

1

8π3

)

sin(2πt) +
1

4π2
t,

c′′
n
(t) + n2π2cn(t) = 0, cn(0) = 0, c′

n
(0) = 0 ⇒ cn(t) ≡ 0, n 6= 0, 1, 2

⇒ u(x, t) = 1

2
t2 + t +

1

π
sin(πt) cos(πx)

+

[

2 cos(2πt) −

(

1

2π
+

1

8π3

)

sin(2πt) +
1

4π2
t

]

cos(2πx).
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