
9. (i) With L = 1, K = 1, and c = 1, we have

a12 = 1, anm = 0, m 6= 2,
√

λ21 b21 = −2,
√

λnm bnm = 0, m 6= 1,

λ12 = π2 + 4π2 = 5π2, λ21 = 4π2 + π2 = 5π2

⇒ u(x, y, t) = a12 sin(πx) sin(2πy) cos(
√

λ12 t)

+ b21 sin(2πx) sin(πy) sin(
√

λ21 t)

= sin(πx) sin(2πy) cos(
√

5 πt)

− 2√
5 π

sin(2πx) sin(πy) sin(
√

5 πt).

(ii) By (5.51)–(5.53) with L = 1, K = 1, and c = 1,

λnm = n2π2 + m2π2 = (n2 + m2)π2,

anm = 4

1∫

0

1∫

0

sin(nπx) sin(mπy) dx dy =
{
− 1

nπ

[
cos(nπx)

]1
0

}{
− 1

mπ

[
cos(mπy)

]1
0

}

= 4
1

nπ

[
1− cos(nπ)

] 1
mπ

[
1− cos(mπ)

]

=
[
1− (−1)n

][
1− (−1)m

] 4
nmπ2

, n, m = 1, 2, . . . ,

bnm =
4

π
√

n2 + m2

1∫

0

1∫

0

xy sin(nπx) sin(mπy) dx dy

=
4

π
√

n2 + m2

{[
x

(
− 1

nπ

)
cos(nπx)

]1

0

+

1∫

0

1
nπ

cos(nπx) dx

}

×
{[

y

(
− 1

mπ

)
cos(mπy)

]1

0

+

1∫

0

1
mπ

cos(mπy) dy

}

=
4

π
√

n2 + m2

{
− 1

nπ
cos(nπ)

}{
− 1

mπ
cos(mπ)

}

= (−1)n+m 4
π3nm

√
n2 + m2

, n,m = 1, 2, . . .

1



2

⇒ u(x, y, t) =
∞∑

n=1

∞∑
m=1

[
1− (−1)n

][
1− (−1)m

] 4
nmπ2

× sin(nπx) sin(mπy) cos(
√

n2 + m2 πt)

+
∞∑

n=1

∞∑
m=1

(−1)n+m 4
π3nm

√
n2 + m2

× sin(nπx) sin(mπy) sin(
√

n2 + m2 πt)

=
4
π2

∞∑
n=1

∞∑
m=1

1
nm

{[
1− (−1)n

][
1− (−1)m

]
cos(

√
n2 + m2 πt)

+ (−1)n+m 1
π
√

n2 + m2
sin(

√
n2 + m2 πt)

}

× sin(nπx) sin(mπy).


