
8. (i) We are using the solution form u(x, y) = X(x)Y (y) in the PDE and the three
homogeneous BCs, and follow the procedure described in Section 5.3 with L = 1 and
K = 2:

X ′′(x)Y (y) + X(x)Y ′′(y) = 0 ⇒ X ′′(x)
X(x)

= −Y ′′(y)
Y (y)

= −λ = const,

X(x)Y (0) = 0, 0 < x < 1,

X(0)Y (y) = 0, X(1)Y (y) = 0, 0 < y < 2

⇒ X ′′ + λX = 0, X(0) = X(1) = 0, Y ′′ − λY = 0, Y (0) = 0

⇒ λn = n2π2, Xn(x) = sin(nπx), n = 1, 2, . . . ,

Yn(y) = C1 cosh(nπy) + C2 sinh(nπy) = C2 sinh(nπy), n = 1, 2, . . .

⇒ u(x, y) =
∞∑

n=1

cn sin(nπx) sinh(nπy).

From the nonhomogeneous BC we now obtain

u(x, 2) = x =
∞∑

n=1

cn sinh(2nπ) sin(nπx),

cn sinh(2nπ) = 2

1∫

0

x sin(nπx) dx

= 2
{[

x

(
− 1

nπ

)
cos(nπx)

]1

0

+

1∫

0

1
nπ

cos(nπx) dx

}

= − 2
nπ

cos(nπ) +
2

n2π2

[
sin(nπx)

]1
0

= (−1)n+1 2
nπ

, n = 1, 2, . . .

⇒ u(x, y) =
∞∑

n=1

(−1)n+1 2
nπ sinh(2nπ)

sin(nπx) sinh(nπy).

(ii) By analogy with (i), here we have

X ′′(x)Y (y) + X(x)Y ′′(y) = 0 ⇒ −X ′′(x)
X(x)

=
Y ′′(y)
Y (y)

= −λ = const

1



2

X(x)Y (0) = 0, X(x)Y (2) = 0, 0 < x < 1,

X(1)Y (y) = 0, 0 < y < 2

⇒ X ′′ − λX = 0, X(1) = 0, Y ′′ + λY = 0, Y (0) = Y (2) = 0

⇒ Y (y) = C1 cos(
√

λ y) + C2 sin(
√

λ y) = C2 sin(
√

λ y), λ > 0

⇒ λn =
n2π2

4
, Yn(y) = sin

nπy

2
, n = 1, 2, . . . ,

Xn(x) = C1 cosh
nπ(x− 1)

2
+ C2 sinh

nπ(x− 1)
2

= C2 sinh
nπ(x− 1)

2
, n = 1, 2, . . .

⇒ u(x, y) =
∞∑

n=1

cn sinh
nπ(x− 1)

2
sin

nπy

2

⇒ u(0, y) = y =
∞∑

n=1

−cn sinh
nπ

2
sin

nπy

2
,

− cn sinh
nπ

2
=

2∫

0

y sin
nπy

2
dy =

{[
y

(
− 2

nπ

)
cos

nπy

2

]2

0

+

2∫

0

2
nπ

cos
nπy

2
dy

}

= − 4
nπ

cos(nπ) +
4

n2π2

[
sin

nπy

2

]2

0

= (−1)n+1 4
nπ

, n = 1, 2, . . .

⇒ u(x, y) =
∞∑

n=1

(−1)n 4
nπ sinh(nπ/2)

sinh
nπ(x− 1)

2
sin

nπy

2
.

(iii) As in (ii),

X ′′(x)Y (y) + X(x)Y ′′(y) = 0 ⇒ −X ′′(x)
X(x)

=
Y ′′(y)
Y (y)

= −λ = const

X(x)Y (0) = 0, X(x)Y (2) = 0, 0 < x < 1,

X(0)Y (y) = 0, 0 < y < 2

⇒ X ′′ − λX = 0, X(0) = 0, Y ′′ + λY = 0, Y (0) = Y (2) = 0

⇒ λn =
n2π2

4
, Yn(y) = sin

nπy

2
, n = 1, 2, . . . ,

Xn(x) = C1 cosh
nπx

2
+ C2 sinh

nπx

2
= C2 sinh

nπx

2
, n = 1, 2, . . .
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⇒ u(x, y) =
∞∑

n=1

cn sinh
nπx

2
sin

nπy

2

⇒ u(1, y) = y =
∞∑

n=1

cn sinh
nπ

2
sin

nπy

2
,

cn sinh
nπ

2
=

2∫

0

y sin
nπy

2
dy = (−1)n+1 4

nπ
, n = 1, 2, . . .

⇒ u(x, y) =
∞∑

n=1

(−1)n+1 4
nπ sinh(nπ/2)

sinh
nπx

2
sin

nπy

2
.


