8. (i) We are using the solution form wu(x,y) = X(x)Y (y) in the PDE and the three
homogeneous BCs, and follow the procedure described in Section 5.3 with L = 1 and
K =2:

X"(z) _ Y'(y)
X(z) Y(y)

X"z2)Y(y) + X(x)Y"(y) =0 = = —\ = const,

X(@)Y(0)=0, 0<z<l,
X0)Y(y) =0, X1)Y(y)=0, 0<y<?2
= X'"+AX=0, X(0)=X(1)=0, Y"—-AY =0, Y(0)=0
= \, =n°m?  X,(z) =sin(nrz), n=12,...,
Y, (y) = Cy cosh(nmy) + Co sinh(nry) = Cysinh(nry), n=1,2,...
= u(zr,y) = i cp sin(nmex) sinh(nry).
n=1

From the nonhomogeneous BC we now obtain

u(z,2) =x = Z ¢p, sinh(2n) sin(nrzx),

n=1
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¢p sinh(2nm) = 2 / xsin(nrz) dr
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= ula,y) = Y (~1)"

n=1
(ii) By analogy with (i), here we have

_X"(x) _ Y'(y)

X(a) = V() = —)\ = const

X"(2)Y (y) + X(2)Y"(y) =0 =

1



X(@)Y(0)=0, X(2)Y(2)=0, 0<zx<l,

XY (y)=0, 0<y<2
= X'-AX=0, X(1)=0, Y'+XY =0, Y(0)=Y(2)=0
= Y(y) = Cicos(VAy) + Cosin(vVAy) = Cosin(vVAy), A>0
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= )\n:nﬁ’ Yn(y)—SIDw, n=12...,
4 2
-1 —1
Xy (x) = Cy cosh n (2 ) + Oy sinhM
:Cgsinh%_”, n=12,...
= nm(x — 1) nm
= u(z,y) = ; ¢p sinh 5 sin 2y
= nw nw
= u(0,y)=y= —Cp sinh7 sin Ty’
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(iii) As in (ii),
X)) Y'Y _y Cons
Xw) v e
X(@)Y(0)=0, X(z)Y(2)=0, 0<z<1,
X(O0)Y(y) =0, 0<y<?2
= X"-)AX=0, X(0)=0, Y'4+AY =0, Y(0)=Y(2) =0

n?m? nmy

= A\, = , Y,(y)=sin—=, n=12...,

4 2
Xn(z) = C’lcoshT%—Cgsth—C’gsmh? n=12,...

X"(@)Y (y) + X(@)Y"(y) =0 =
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