Chapter 1

1. (i) This is a variables separable equation and y(z) = 0 is a solution. If y(x) # 0, then
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Yo = _dr = My =m@*+1)+Cy = ylx)=C@>+1).
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The above formula is the general solution, since it also includes the solution y(x) = 0.

(ii) This is a linear equation, solved by the integrating factor method:
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=(z-1)"%(32° - 12"+ 0).

(iii) This is a homogeneous first-order linear equation with constant coefficients, solved by
means of the corresponding characteristic equation:

25+5=0 = s=— = y(z)=Ce /2
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(iv) This is a homogeneous second-order linear equation with constant coefficients, so

82—45+3:0 = 81:1, s9 =3 = y(x):C'lel’—f—C'ge?"T“.

(v) As in (iv),

= y(x) = (C) + Cox)e /2,
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482—|—4S+1:0 = §1 = 89 = —

(vi) We have

$$+25+5=0 = s10=-1%2i = y(x)=e "[C)cos(2z)+ Cysin(2z)].
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(vii) This is a nonhomogeneous linear equation with constant coefficients, so we use the
“complementary function + particular integral” method:

s+2=0 = s=-2 = yop=Ce %,
ym:a:ﬁ-l-b-i-ce“
= (a+ 4ce*™) +2(ax + b+ ce*™) = 22 + **
= 2az + (a+ 2b) + 6ce™ = 22 + &**
= 2a=2, a+20=0, 6¢c=
= a=1, b=-1, c=1 = y,=z-L1+le"
= yl)=Ce *4+z—1+1e"

(viii) Here

% = Ycr = Cem/27
Ypr = aze®’? = 2a(ex/2 + %mexﬂ) — axe®™/? = 2qe"/? = ¢%/2
= 2(12 1 — a = % = Ypr = /2

%xex
= y(z)=Ce"? + %xex/Q =(C+1 x)ex/Q.

(ix) As in (vii),

$?2—-1=0 = si2=+1 = Yor = Cjcoshx + Cysinhz,
yPI:aa:2—|—bsc+c

= 2a— (azx’ +br+c)=—ar® —br+ (20 —c) =2* —x +2

= a=-1, b=1, ¢c=-4 = vy, =-2’4z—-4

= y(z) = Cycoshz + Cysinhx — 2 + 2 — 4.

(x) As in (viii),

$2-25=0 = s512=%+5 = Yor = C1€°% + Cre™7,

= q(=10e°* + 25xe ") — 25axe " = —10ae” " = 30"
S5x

Ypr = aTE
= —10a=30 = a=-3 = yp;=—3ze"
y(x) = C1€°" + Coe ™ — 3xe™ " = 01 + (Cq — 3x)e™ ",



2. (i) For any functions y1, y2 and any numbers ¢y, co

1

z(ciyr + c2y2)” — (c1y1 + coy2)’ sinx
= c1(zy] — y)sinz) + co(wysy — yhsinx)

= equation is linear.

(ii) For any functions y;, y2 and any numbers ¢y, ¢o, in general

(c1y1 + caya)’ + 2z sin(cry1 + cayz) = 1) + cays + 2w sin(ciyr + cayo)
# c1(yy + 2zsiny; ) + co(yy + 2z sinys)
= C1Z/1 + 2cixsiny; + ngé + 2cox sin yo

= equation is nonlinear.

(ii) As in (i),
(cry1 + 6292)/(01341 + Czyz)” —z(c1y1 + cay2)
= Gyt + crea(yiys + yiyh) + Aybyl — ci(zy) — calays)
#c1(yiy) — zy1) + c2(yoys — zy2)

= equation is nonlinear.
(iv) As is (i),

(11 + c2y2)” + Va (cryr + caya) = cr(y] + Ve yr) + c2(ys + Vo y2)

= equation is linear.



