
FORMULAS AND TABLES

Orthogonality Formulas

For all m, n = 1, 2, . . . ,
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∫

0
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nπx

L
dx = 0;

L
∫

−L

sin
nπx

L
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0
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2L
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L
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General Regular Sturm-Liouville Problem

[p(x)f ′(x)]′ + q(x)f(x) + λσ(x)f(x) = 0, a < x < b, p, σ > 0,

κ1f(a) + κ2f
′(a) = 0, κ3f(b) + κ4f

′(b) = 0

(κ1, κ2 not both zero, κ3, κ4 not both zero).

Some Standard Eigenvalue-Eigenfunction Pairs

(i) If
f ′′(x) + λf(x) = 0, 0 < x < L, f(0) = 0, f(L) = 0,

then

λn =

(

nπ

L

)2

, fn(x) = sin
nπx

L
, n = 1, 2, . . . .

(ii) If
f ′′(x) + λf(x) = 0, 0 < x < L, f ′(0) = 0, f ′(L) = 0,

then

λn =

(

nπ

L

)2

, fn(x) = cos
nπx

L
, n = 0, 1, 2, . . . .

(iii) If
f ′′(x) + λf(x) = 0, 0 < x < L, f(0) = 0, f ′(L) = 0,

then

λn =

(

(2n − 1)π

2L

)2

, fn(x) = sin
(2n − 1)πx

2L
, n = 1, 2, . . . .

(iv) If
f ′′(x) + λf(x) = 0, 0 < x < L, f ′(0) = 0, f(L) = 0,

then

λn =

(

(2n − 1)π

2L

)2

, fn(x) = cos
(2n − 1)πx

2L
, n = 1, 2, . . . .

(v) If

f ′′(x) + af ′(x) + bf(x) + λcf(x) = 0, 0 < x < L, f(0) = 0, f(L) = 0,

then

λn =
1

4c
(n2π2 + a2 − 4b), fn(x) = e−(a/2)x sin

nπx

L
, n = 1, 2, . . . .
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Table of Full Fourier Transforms

f(x) = F−1[F ](x) =

∞
∫

−∞

F (ω)e−iωx dω F (ω) = F [f ](ω) =
1

2π

∞
∫

−∞

f(x)eiωx dx

f ′(x) −iωF (ω)

f ′′(x) −ω2F (ω)

f(x − a) e−iaω

e−ax2 1√
4πa

e−ω2/(4a)

2a

x2 + a2
e−a|ω|

{

1, |x| < a
0, |x| > a

sin(aω)

πω

(f ∗ g)(x) F (ω)G(ω)
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Table of Fourier Sine Transforms

f(x) = F−1
S [F ](x) =

∞
∫

0

F (ω) sin(ωx) dω F (ω) = FS[f ](ω) =
2

π

∞
∫

0

f(x) sin(ωx) dx

f ′(x) −ωFC [f ](ω)

f ′′(x)
2ω

π
f(0) − ω2F (ω)

1
2

πω

e−ax 2ω

π(a2 + ω2)

x

x2 + a2
e−aω

erfc(ax)
2

πω

[

1 − e−ω2/(4a2)
]

Table of Fourier Cosine Transforms

f(x) = F−1
C [F ](x) =

∞
∫

0

F (ω) cos(ωx) dω F (ω) = FC [f ](ω) =
2

π

∞
∫

0

f(x) cos(ωx) dx

f ′(x) − 2

π
f(0) + ωFS[f ](ω)

f ′′(x) − 2

π
f ′(0) − ω2F (ω)

e−ax 2a

π(a2 + ω2)

e−ax2 1√
πa

e−ω2/(4a)

a

x2 + a2
e−aω
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Table of Laplace Transforms

f(t) = L−1[F ](t) =
1

2πi

c+i∞
∫

c−i∞

F (s)est ds F (s) = L[f ](s) =

∞
∫

0

f(t)e−st dt

1
1

s
(s > 0)

tn (n positive integer)
n!

sn+1
(s > 0)

eat 1

s − a
(s > a)

sin(at)
a

s2 + a2
(s > 0)

cos(at)
s

s2 + a2
(s > 0)

sinh(at)
a

s2 − a2
(s > |a|)

cosh(at)
s

s2 − a2
(s > |a|)

δ(t − a) e−as (a ≥ 0)

H(t − a)f(t − a) e−asF (s)

eatf(t) F (s − a)

(f ∗ g)(t) F (s)G(s)

f (n)(t) (nth derivative) snF (s) − sn−1f(0) − · · · − f (n−1)(0)

erf

(

t

2a

)

1

s
ea2s2

erfc(as)

erfc

(

a

2
√

t

)

1

s
e−a

√
s

1√
π

t−1/2 e−a2/(4t) 1√
s

e−a
√

s (a ≥ 0)

a

2
√

π
t−3/2 e−a2/(4t) e−a

√
s (a > 0)
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Green’s Functions and Representation Formulas

(i) The solution of the IBVP

ut(x, t) = kuxx(x, t) + q(x, t), 0 < x < L, t > 0,

u(0, t) = 0, u(L, t) = 0, t > 0,

u(x, 0) = f(x), 0 < x < L,

is given by the formula

u(x, t) =

L
∫

0

G(x, t; ξ, 0)f(ξ) dξ +

L
∫

0

t
∫

0

G(x, t; ξ, τ)q(ξ, τ) dτ dξ,

where

G(x, t; ξ, τ) =

∞
∑

n=1

2

L
sin

nπx

L
sin

nπξ

L
e−k(nπ/L)2(t−τ), τ < t.

(ii) The solution of the BVP

(∆u)(x, y) = q(x, y), 0 < x < L, 0 < y < K,

u(x, 0) = 0, u(x, K) = 0, 0 < x < L,

u(0, y) = 0, u(L, y) = 0, 0 < y < K,

is given by the formula

u(x, y) =

K
∫

0

L
∫

0

G(x, y; ξ, η)q(ξ, η) dξ dη,

where

G(x, y; ξ, η) = − 4

LK

∞
∑

n=1

∞
∑

m=1

sin(nπξ/L) sin(mπη/K)

(nπ/L)2 + (mπ/K)2
sin

nπx

L
sin

mπy

K
.

(iii) The solution of the IVP

utt(x, t) = c2uxx(x, t) + q(x, t), −∞ < x < ∞, t > 0,

u(x, t), ux(x, t) → 0 as x → ±∞, t > 0,

u(x, 0) = 0, ut(x, 0) = 0, −∞ < x < ∞,

is given by the formula

u(x, t) =

t
∫

0

∞
∫

−∞

G(x, t; ξ, τ)q(ξ, τ) dξdτ,

where

G(x, t; ξ, τ) =
1

2c

[

H
(

x − ξ + c(t − τ)
)

− H
(

x − ξ − c(t − τ)
)]

.
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Second-Order Linear Equations

If
Auxx + Buxy + Cuyy + Dux + Euy + Fu = G,

if new variables
r = r(x, y), s = s(x, y)

are defined by the characteristic equations

dy

dx
=

B −
√

B2 − 4AC

2A
,

dy

dx
=

B +
√

B2 − 4AC

2A
,

and if
u(x, y) = u

(

x(r, s), y(r, s)
)

= v(r, s),

then
Āvrr + B̄vrs + C̄vss + D̄vr + Ēvs + F̄ v = Ḡ,

where

Ā = A(rx)2 + Brxry + C(ry)2,

B̄ = 2Arxsx + B(rxsy + rysx) + 2Crysy,

C̄ = A(sx)2 + Bsxsy + C(sy)
2,

D̄ = Arxx + Brxy + Cryy + Drx + Ery,

Ē = Asxx + Bsxy + Csyy + Dsx + Esy,

F̄ = F,

Ḡ = G,

with Ā, B̄, C̄, D̄, Ē, F̄ , and Ḡ expressed in terms of r and s.
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